A Direct Determination of Supermassive Black Hole Properties with
  Gravitational-wave Radiation from Surrounding Stellar-mass Black Hole
  Binaries by Yu, Hang & Chen, Yanbei
A Direct Determination of Supermassive Black Hole Properties with
Gravitational-wave Radiation from Surrounding Stellar-mass Black Hole Binaries
Hang Yu∗ and Yanbei Chen
TAPIR, Walter Burke Institute for Theoretical Physics,
Mailcode 350-17 California Institute of Technology, Pasadena, CA 91125, USA
A significant number of stellar-mass black-hole (BH) binaries may merge in galactic nuclei or in
the surrounding gas disks. With purposed space-borne gravitational-wave observatories, we may
use such a binary as a signal carrier to probe modulations induced by a central supermassive BH
(SMBH), which further allows us to place constraints on the SMBH’s properties. We show in
particular the de Sitter precession of the inner stellar-mass binary’s orbital angular momentum
(AM) around the AM of the outer orbit will be detectable if the precession period is comparable to
the duration of observation, typically a few years. Once detected, the precession can be combined
with the Doppler shift arising from the outer orbital motion to enable us to infer the mass of
the SMBH and the outer orbital separation individually and each with percent-level accuracy. If
we further assume a joint detection by space-borne and ground-based detectors, the detectability
threshold could be extended to a precession period of ∼ 100 yr.
Introduction – A significant number of stellar-mass
binary black holes (BH) detectable by LIGO [1] and
Virgo [2] may merge in the vicinity of supermassive BHs
(SMBHs) due to both frequent stellar interactions [3–5]
and gas effects if accretion disks are present [6–10]. This
possibility is strengthened as the Zwicky Transient Facil-
ity [11, 12] detected a potential electromagnetic counter-
part [13] to the LIGO-Virgo event GW190521 [14, 15],
consistent with a binary BH merger in the accretion disk
of an active galactic nucleus.
Beyond ground-based detectors, multiple space-
borne gravitational-wave (GW) observatories have been
planned/conceived for the coming decades, including
LISA [16], TianQin [17], Taiji [18], B-DECIGO [19] (pre-
viously called Pre-DECIGO [20]), Decihertz Observato-
ries [21], and TianGO [22]. Their sensitivities cover the
0.001-1 Hz band where a typical stellar-mass BH binary
stays in band for years. It thus opens up the possibility
of using a stellar-mass BH binary as a carrier to probe
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FIG. 1. Periods of various dynamical processes. In the Letter,
we ignore the decay of the outer orbit and hence the shaded
region with ao/4a˙o < 5 yr is discarded.
modulations induced by a tertiary perturber which, as
argued above, can be an SMBH in many cases. This
is in analog to how pulsars are used to test the strong-
field relativity [23] and it offers a complementary way
to probe SMBH properties to extreme and very extreme
mass-ratio inspirals [24–26].
The leading-order modulation is a Doppler shift due to
the inner binary’s orbital motion around the SMBH[27],
creating frequency sidebands at Ωo = (M3/a
3
o)
1/2 with
M3 the mass of the SMBH and ao the semi-major axis of
the outer orbit. When the outer orbit’s period is compa-
rable to the duration of observation Tobs ∼ yr, this effect
will be detectable and can be use to place constraints on
the mass density enclosed by the outer orbit [28].
In the Letter, we extend the study by including higher-
order effects. The most significant one is that the inner
orbital angular momentum (AM) Li will experience a de
Sitter-like precession around the outer AM Lo as [29–31]
dLˆ
dt
= ΩdSLˆo × Lˆi, (1)
where ΩdS = (3M3/2ao)Ωo. Here we have assumed the
outer orbit is circular and used the hat symbol to indicate
unity vectors. As the binary precesses, the waveform un-
dergoes both amplitude and phase modulations, thereby
allowing the extraction of the preccession signatures.
We illustrate the periods of the de Sitter precession
in the (M3, ao) space in Fig. 1. We use the solid-
brown (dashed-brown) trace to indicate the line cor-
responding to 2pi/ΩdS = 10 (1) yr. As a comparison,
we show the periods of the outer orbit (grey traces)
as well as sub-leading corrections. Specifically, we con-
sider the Lense-Thirring precession ofLi around S3 (olive
traces; similarly, Lo also precesses around S3 at a com-
parable rate [30]) whose rate is ΩLT = S3/2a
3
o with
S3 the spin of the SMBH (assumed to be S3 = M
2
3 ),
and the Lidov-Kozai oscillation (cyan traces) with rate
ΩLK = [M3/(M1 +M2)] (ai/ao)
3Ωo, where M1,2 and ai
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FIG. 2. Cartoon illustrating the geometry of the problem.
Note the amplitudes of vectors is chosen only for visualization
purpose.
are masses and semi-major axis of the inner orbit. We
have assumed M1 = M2 = 50M and ai = 0.014 AU
when generating the lines.
To connect to astrophysical formation mechanisms
of the inner binary, we indicate in dotted-orange lines
the expected locations of migration traps in accretion
disks [32] where massive objects are likely to accumulate
and binaries may frequently merge. For a large range of
M3, mergers at the migration trap at ∼ 50M3 will ex-
perience the de Sitter precession with periods . 10 yr.
Even without migration traps, various studies suggested
a detection rate of O(100) yr−1 BH binaries produced in
the ao . 0.1 pc region by stellar interactions [3, 4]. As-
suming a density profile ∝ a−2o [3], it indicates O(1) de-
tection per year in the central 0.001 pc region (' 200M3
for M3 = 10
8M) where the de Sitter precession could
be significant.
Once observed, the precession further allows a di-
rect determination of the SMBH properties. With the
Doppler shift alone, one measures Ωo and thus the den-
sity enclosed by the outer orbit. The rate of the de Sitter
precession provides an additional constraint on M3/ao.
Consequently, combining both effects allows one to in-
fer the values of M3 and ao individually, providing con-
straints on nuclei dynamics.
For the rest of the Letter, we will focus on the de Sitter
precession and how we can utilize it to constrain M3 and
ao. We will assume both the inner and outer orbits to be
circular and neglect the sub-leading Lense-Thirring pre-
cession and Lidov-Kozai oscillations for simplicity (but
see Ref. [33]). All the parameters in the Letter corre-
spond to their inferred values in the detector frame [34].
We use geometrical units G = c = 1.
Waveforms – In Fig. 2 we demonstrate the geometry
of the problem. Particularly, we construct two reference
frames. The (x, y, z) frame is centered on the corner de-
tector with xˆ and yˆ pointing along two arms of TianGO
(which is a 90◦ Michelson interferometer [22]; for the case
of LISA, this frame is constructed as in Ref. [35]). As the
detector frame changes in both location and orientation,
we also construct a fixed solar frame (x, y, z) with zˆ per-
pendicular to the ecliptic. In the solar frame, the source’s
sky location Nˆ and total AM Jˆ with J ≡ Li +Lo ' Lo
are labeled with polar coordinates (θS, φS) and (θJ , φJ),
respectively. We further define ιJ as the angle between Nˆ
and Lˆo and λL the angle between Lˆi and Lˆo. The prob-
lem now becomes projecting the GW radiation character-
ized by a time-varying orientation Lˆi(t) onto an antenna
with also time-varying coordinates (xˆ, yˆ, zˆ).
To obtain the response, we follow Refs. [35, 36]. The
explicit expressions for various quantities could be found
in the supplemental materials. The frequency-domain
waveform under the stationary-phase approximation is
h˜(f) = [A2+(t)F
2
+(t) +A
2
×(t)F
2
×(t)]
1/2
× exp {−i [Φp(t) + 2ΦT(t) + ΦD(t)]} h˜C(f), (2)
where h˜C(f) is the antenna-independent “carrier” which
we approximate with the leading-order quadruple for-
mula. It is fully characterized by four parameters,
(M, DL, tc, φc), corresponding respectively to the chirp
mass, luminosity distance, and time and phase of co-
alescence. The antenna pattern depends on time
which is further a function of frequency, t(f) = tc −
5(8pif)−8/3M−5/3.
Moreover, we have A+ = 1 + (Lˆi · Nˆ)2 and A× =
−2Lˆi · Nˆ . We provide explicit expressions for the beam-
pattern coefficients F+(×)(θS, φS, ψS) in the supplemental
materials, where (θS, φS) are the polar coordinates of Nˆ
in the (x, y, z) frame and ψS is the polarization angle.
Besides the corrections to the amplitudes, there are
also extra phase terms. The tan Φp = (−A×F×/A+F+)
characterizes the polarization phase. The precession of
Lˆi further gives rise to a Thomas precession term ΦT [36],
ΦT(t) = −
∫ tc
t
dt
 Lˆ · Nˆ
1−
(
Lˆ · Nˆ
)2
(Lˆ× Nˆ) · dLˆ
dt
. (3)
Lastly, ΦD describes a Doppler phase due to orbital mo-
tions of both the inner binary around the SMBH and the
detector around the Sun.
To this point the expressions are generic. A waveform
is specified when one supplies information about the or-
bits (for ΦD) and the orientations Lˆ and (xˆ, yˆ, zˆ).
As we have assumed circular outer orbits and both
LISA and TianGO are planned to be launched into a
heliocentric-Earth-trailing orbit, we have [37]
ΦD = 2pif
[
ao sin ιJ cos
(
φo − φ(0)
)
+ AU sin θS cos
(
φd − φS
)]
, (4)
where φo = Ωot is the phase of the outer orbit and we
absorb its initial value with φJ and φS into φ
(0), and
φd = (2pi/yr) t is the detector’s orbital phase.
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FIG. 3. Sample waveforms shown in 2
√
fh˜. The olive
trace includes variation in the detector’s orientation only
while the purple traces further include the de Sitter preces-
sion of Lˆi around Lˆo. We assumed (DL, θS, φS, θJ , φJ) =
(1 Gpc, 33◦, 147◦, 75◦, 150◦) and (2pi/ΩdS, λL) = (2.7 yr, 45◦)
When Lˆi changes orientation due to the de Sitter pre-
cession around Lˆo with Lo  Li, we can write Lˆi(t) in
terms of three additional parameters (ΩdS, λL, α0) with
α0 an initial phase characterizing the initial orientation
of Lˆi. As for the detector’s orientation, both LISA and
TianGO follow the constellation-preserving design as de-
scribed in Ref. [38].
We compare in Fig. 3 sample waveforms with sensitivi-
ties of various space-borne detectors. The initial GW fre-
quencies f (0) is chosen such that the inner binary mergers
in 5 years, the fiducial value of Tobs. For a stellar-mass
inner binary (solid traces), various missions have similar
sensitivities to the precession-induced modulation with
the decihertz observatories having a greater total signal-
to-noise ratio (SNR; the SNR in TianGO is 80 here).
Moreover, a joint detection of such a source between
space-borne and ground-based detectors is expected to
further enhance the sensitivity. Alternatively, if the in-
ner binary consists of intermediate-mass BHs (the dashed
trace; it has an SNR of 36 in LISA after combining two
detectors’ responses), then LISA alone would be able to
detect the modulations.
Results – We adopt the Fisher matrix formalism [35]
to quantify the detectability. We start by considering
the parameter-estimation accuracy of a simple-precession
problem. Specifically, we drop the Doppler phase due
to the outer orbit and parameterize the waveform in
terms of (M, DL, tc, φc, θS, φS, θJ , φJ , Ppre, λL, α0). Here
Ppre = 2pi/ΩdS is the precession period. Our aim is to es-
tablish the detectability thresholds for Ppre and λL, and
the results are summarized in the top row of Fig. 4 (we
have randomized α0 and plotted the median results).
As expected, the accuracy in both ∆Ppre and λL im-
proves as Ppre decreases, and at Ppre ' 2Tobs = 10 yr we
have approximately ∆Ppre/Ppre < 1 and ∆λL < 1 rad,
marking the boundary of detectability.
Note that at Ppre & 3 yr, the error ∆Ppre is smallest
when λL ' 90◦ as it maximizes the variation in the ori-
entation. At smaller Ppre, the optimal detectability is
achieved at λL ' 40◦ ' ιJ (and also at 140◦). This
is thanks to the Thomas phase [Eq. (3)]. As shown in
Ref. [36], when Nˆ is inside the precession cone with
|Lˆo ·Lˆ| < |Lˆo ·Nˆ |, each precession cycle the Thomas term
contributes approximately (−2pi cosλL) to the phase.
When Lˆo · Lˆ > |Lˆo · Nˆ |, however, the contribution per
cycle changes to approximately 2pi(− cosλL + 1). A nu-
merical calculation using Eq. (3) reveals no discontinu-
ity at Lˆo · Lˆ ' |Lˆo · Nˆ | yet ΦT has sharp derivatives
with respect to the orientation [39]. Consequently, when
λL ' ιJ (or pi− ιJ), the ΦT term can be determined with
high accuracy. Since the total ΦT is proportional to the
total number of precession cycles, it thus leads to good
constraints on Ppre.
As we know the detector’s orbit, we do not see it sig-
nificantly interfering with the results when Ppre ' 1 yr.
Moreover, the Thomas phase is associated with the pre-
cession of Lˆi only [35], further breaking the potential
degeneracy between a changing Lˆ and a changing zˆ. It
is nonetheless crucial to include the detector’s motion to
constrain Nˆ [22, 35].
We now combine the orbital precession with the
Doppler shift to study the constraints on the SMBH prop-
erties. We use M3 and ao as free parameters and write
Ωo and ΩdS both in terms of M3 and ao. An initial phase
φ(0) for the outer orbit’s Doppler phase is also included
and randomized over.
The result is shown in the bottom row of Fig. 4. We
only include regions where ∆λL ≤ λL so that the sig-
nature of precession is unambiguously detected. Note
the boundary of ∆λL = λL is broadly consistent with
the line of Ppre = 10 yr, agreeing with the results we ob-
tained in the simple-precession analysis. Along the line of
Ppre = 10 yr (1 yr), the fractional error in the SMBH mass
is constraned to ∆M3/M3 ∼ 10% (. 1%), demonstrating
a direct determination of the SMBH property is indeed
possible. We further find that ∆ log ao ' ∆ logM3/3 for
most of the parameter spaces. This is expected because
among all the parameters describing the modulation on
the carrier, Ωo is determined with the highest accuracy.
Another feature is that along the line of Ppre = 10 yr,
the error decreases with increasing M3. This is because
the “modulation depth” on the Doppler phase [∝ ao;
Eq. (4)] increases with M3. Note that with the Doppler
shift alone we cannot use the modulation depth to sepa-
rate M3 and ao from Ωo due to the unknown sin ιJ . Once
the precession is included, however, Lˆo then serves as
precession axis of Lˆi, thereby allowing the determination
of sin ιJ . Consequently, the modulation depth provides
yet another measurement of ao, further enhancing the
detectability.
Summary and discussions. – We demonstrated that
the de Sitter precession of Lˆi around Lˆo is detectable
4106 107 108 109 1010
M3 [MØ]
101
102
103
a
o
/M
3
¢∏L > ∏L
¢M3/M3
ao
4a˙o
< 5 yr
10°5 10°4 10°3 10°2 10°1 100 101
106 107 108 109 1010
M3 [MØ]
101
102
103
a
o
/M
3
¢∏L > ∏L
¢ao/ao
ao
4a˙o
< 5 yr
10°5 10°4 10°3 10°2 10°1 100 101
0.1 1 10
Ppre [yr]
30
60
90
120
150
∏
L
[±
]
¢Ppre/Ppre
10°5 10°4 10°3 10°2 10°1 100 101
0.1 1 10
Ppre [yr]
30
60
90
120
150
∏
L
[±
]
¢∏L [rad]
10°5 10°4 10°3 10°2 10°1 100 101
FIG. 4. Parameter estimation results. The top row assumes a simple precession problem whereas the bottom includes both
the precession and the Doppler phase shift due to the orbital motion around the SMBH. In the bottom panel we also plot the
lines corresponding to 2pi/ΩdS = 10 yr (solid traces) and 1 yr (dashed traces). We have assumed TianGO’s sensitivity, and fixed
the inner binary to have (M1,M2, f
(0)) = (50M, 50M, 12 mHz) and DL = 1 Gpc. The orientations are (θS, φS, θJ , φJ) =
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by space-borne GW observatories over a considerable
(M3 , ao) space. When Ppre . 10 yrs, the precession can
be used to constrain ∆ logM3 ' 3∆ log ao . O(10%).
Our analysis assumed a single space-borne detector.
As ground-based detectors are more sensitive to stellar-
mass BHs [22], they could constrain intrinsic source pa-
rameters with much higher accuracy. We thus estimate
the joint-detection effect by still computing the Fisher
matrix for a space-borne detector alone but treating
(M, φc, tc) as known parameters. For a system with
(M3, ao) = (10
8M, 100M3) and the rest the same as
in Fig. 4, the errors in (M3, ao) can be dramatically im-
proved to ∆ logM3 = 1.7 × 10−4(5.2 × 10−2) ' 3 log ao
assuming the sensitivity of TianGO (LISA). The uncer-
tainty in λL is also reduced by about a factor of 6 to
∆λL = 0.02 rad for both TianGO and LISA. If a source
instead has ao = 300M3 with Ppre ' 100 yr, we find a me-
dian error ∆λL = 0.72 rad < λL with LISA’s sensitivity
after randomizing initial phases, indicating the precession
would still be detectable. Knowing the source’s distance
and sky location further improves the accuracy in M3 by
O(100) and in λL by order unity. For ao = 300M3 and
LISA’s sensitivity, we find ∆λL = 0.16 rad in this case.
As a proof-of-concept study, we made a few simplifi-
cations. For example, we did not include the precessions
of Lˆi due to the spins of M1(2). Nevertheless, we argue
that this should be well distinguishable from the preces-
sions around Lˆo thanks to the separation in scales. Note
the spin-induced opening angle is . M21 /Li ∼ 1◦ when
the GW frequency is around 0.01 Hz, in general much
smaller than the angle between Lˆi and Lˆo which dis-
tributes approximately uniformly between 0◦ and 180◦
(e.g., Ref. [40]). Moreover, the spin-induced precession
rate is ∼ Li/a3i [36], corresponding to a period of 10 days
when f = 0.01 Hz, and the period decreases further as
the inner binary decays. In contrast, the de Sitter pre-
cession around Lo has a constant (and typically much
longer) period.
Meanwhile, we ignored the potential eccentricities of
both the outer and the inner orbits. We also neglected
the sub-leading Lense-Thirring effects due to S3 which
might also be detectable [33]. We plan to address these
effects more comprehensively in a follow-up study.
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7Supplemental Material for “A Direct Determination of Supermassive Black Hole
Properties with Gravitational-wave Radiation from Surrounding Stellar-mass Black
Hole Binaries”
Here we provide explicit expressions for various quantities used in our construction of the waveform.
The “carrier” waveform in our study is given by
h˜C(f) =
(
5
96
)1/2 M5/6
pi2/3DL
f−7/6 exp
{
i
[
2piftc − φc − pi
4
+
3
4
(8piMf)−5/3
]}
. (1)
The antenna pattern coefficients are
F+(θS, φS, ψS) =
1
2
(
1 + cos2 θS
)
cos 2φS cos 2ψS − cos θS sin 2φS sin 2ψS, (2)
F×(θS, φS, ψS) =
1
2
(
1 + cos2 θS
)
cos 2φS sin 2ψS + cos θS sin 2φS cos 2ψS, (3)
where (θS, φS) are the polar coordinates of Nˆ in the time-varying (x, y, z) frame, and
ψS = tan
−1
[
Lˆi · zˆ − (Lˆi · Nˆ)(zˆ · Nˆ)
Nˆ · (Lˆi × zˆ)
]
(4)
is the polarization angle of the source.
The time-dependent orientation of Lˆi in our case is given by
Lˆi =
[
cosλL sin θJ cosφJ + sinλL
(− cos θJ cosφJ cosα+ sinφJ sinα)] xˆ
+
[
cosλL sin θJ sinφJ − sinλL
(
cosφJ sinα+ cos θJ sinφJ cosα
)]
yˆ
+
[
cosλL cos θJ + sinλL sin θJ cosα
]
zˆ, (5)
where α = ΩdSt+ α0.
The detector’s orientations are
zˆ(t) = −
√
3
2
(
cosφdxˆ+ sinφdyˆ
)
+
1
2
zˆ. (6)
xˆ(t) = − sin 2φd
4
xˆ+
3 + cos 2φd
4
yˆ +
√
3
2
sinφdzˆ (7)
and yˆ = zˆ × xˆ.
